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A so lu t ion  obta ined  by the method of a v e r a g e s  [1] m a k e s  i t  p o s s i b l e  to ca l cu la t e  a he l i ca l  b e a m  in a 
weak ly  nonuni form f ie ld .  In the p r e s e n t  p a p e r ,  an a p p r o x i m a t e  solut ion for  a t ubu l a r  he l i ca l  b e a m  in a 
weak a x i s y m m e t r i c  magne t i c  m i r r o r  [3] is  obta ined  with a l lowance  fo r  the  s p a c e - c h a r g e  field~ The so lu -  
t ion is  ob ta ined  by  s u c c e s s i v e  a p p r o x i m a t i o n s  with r e s p e c t  to the  r a t i o  e, of the c h a r a c t e r i s t i c  width a .  of 
the  b e a m  to the  c h a r a c t e r i s t i c  d imens ion  of the  e x t e r n a l - f i e l d  nonuni formi ty  L. ,  under  the a s sumpt io n  that  
the  b e a m  m a y  be r e p r e s e n t e d  in the fo rm of two subf luxes  with a s i n g l e - v a l u e d  i r r o t a t i o n a l  f ie ld  of the  c o m -  
mon pulse ,  p in each  p = vz(t.2) �9 The f i r s t  a pp rox ima t ion  is  obta ined  in the  g e n e r a l  ca se ,  and second  
a p p r o x i m a t i o n s  fo r  b e a m s  with a s m a l l  and with a l a r g e  space  c ha rge .  

1. Bas i c  Equa t ions .  By r e p r e s e n t i n g  the common pu l se  P(1, 2) and the cha rge  dens i ty  P(1, 2) of a two-  
f lux b e a m  in the  f o r m  

P(1,g) = V v_~ Vw, 00,2) = 1 h (p ~ 8) ( l .  1) 

the fol lowing equat ions  may  be wr i t t en  for  a n o n r e l a t i v i s t i c  a x i s y m m e t r i c  b e a m  in c y l i n d r i c a l  coo rd ina t e s  
(r ,  ~ ,  z): 

Wr~ + wz  ~ = q) ~ 211~ - -  vr2 - -  v z  ~ - -  A~, w r v r  + w z v z  = 0 ( 1 . 2 )  

Wr ~--- Ow / Or , wz -~ Ow / Oz , Vr =_ Ov / Or , V z _~ Ov / Oz 

{ oo 
~ -  r~r + ~-~ vzj (8, p) = 0 (1. 3) 

A 1 0 0 0 e A~=4~p, ~A=v~-  ' A = V - - ~ r - S V  + ~ (1.4) 

Here ,  ~? > 0 i s  the  r a t i o  of the  cha rge  to the e l e c t r o n  m a s s ,  ~ the e l e c t r i c  f ie ld  poten t ia l ,  p> 0 the  t o -  
ta l  cha rge  dens i t y  of the b e a m ,  (c/~?)rA the so le  az imu tha l  component  of the magne t i c  f ie ld  potent ia l ,  which 
i s  l a id  off f r o m  the  ca thode (on the ca thode s u r f a c e  (K), a c c o r d i n g  to our  a s s u m p t i o n s ,  AK=0);  c i s  the  
speed  of l igh t .  The equat ions  (1.2) a r e  equ iva len t  to two ene rgy  i n t e g r a l s ,  while (1o 3) i s  equiva lent  to two 
cont inu i ty  equat ions  wr i t t en  in a c c o r d a n c e  with (1o 1) for  the  f i r s t  and second subf luxes .  

1 .1  ~ The s m a l l  p a r a m e t e r  e. of the p r o b l e m  m a y  be exp l i c i t l y  def ined by  conver t ing  (1.2)-(1o 4) to 
a s y s t e m  of c o o r d i n a t e s  s, ~ ,  l which is  coupled with the b e a m  

r = R ( l ) + s Z ' ,  z = Z ( 1 ) - - s R ' ,  Z'=--dZ/dR, R ' ~ d R / d l  
(1.5) 

w h e r e  l i s  the a r c  length  a long ~ =eonst  on the  ax ia l  su r f a c e  (s =0 of the  axis)  ; the s u r f a c e s  l =const  a r e  
cones  or thogonal  to the s u r f a c e  s = c o n s t .  The m e t r i c  of the s y s t e m  s, ) ,  l i s  def ined as  fol lows [2]: 
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dr ~ -}- r2d@ 2 -~- dz 2 = ds 2 q- (R q- sZ') 2 d@ 2 -I- (1 - -  ks) ~ dl 2 , 'k - -  R "  / Z'  ( 1 . 6 )  

H e r e ,  k(/) i s  the  c u r v a t u r e  of the  a x i s  in the  m e r i d i o n a l  p l ane .  A s s u m e  tha t  t he  ax ia l  s u r f a c e  i s  s u f -  
f i c i e n t l y  s m o o t h  and tha t  i t  i s  s i t u a t e d  i n s i d e  the  b e a m  in such  a way  tha t  s+ ~ a ,  i s  the  e x p r e s s i o n  f o r  t he  
o u t e r  b o u n d a r y ,  and s_ (t) ~ - a. the  e x p r e s s i o n  f o r  t he  i n n e r  b o u n d a r y  of a t u b u l a r  b e a m  (Fig .  1), 

W r i t t e n  in s ,  0 ,  l c o o r d i n a t e s ,  E q s .  ( 1 . 2 ) - ( 1 . 4 )  h a v e  the  f o r m  

w~ ~ vz~ A ~, Vtwl (1 7) ws" q- e~ ~ ~ (I) _--__ 2~1(:P -- vs -- ~ -- v s ~ -- ~ ~w8 

o o 
w = w~ds + w_, wt ~- ~-s w, v~ = V + ~ -dF vsds 

8 -  0 

(1. s) 

(OWs + 6vs) = I - -  s - ~ - ,  ~ (6w~ + pv,) = ~ - -  ~]' 2 ~  (1.9) 

Q ~ (6v z + epwl) ~ Rds, J ~- 2a (pv I q- e6w/) ~ -  Rds 
s- s _  

(1. lo) 

A 
Aq~:4z~p, AA=e2--~-, ~- - - - t - -6k s ,  v ~ i q - e k z s  (1.11)  

1 , 0  0 E 2 0 ~ 0 ] Z' 0Q 
a - ~ ~-gT v~ -~-  + - f f  -~F R - 5 -  -j-F ~ , G - - i f ,  Q' = ol ( 1 . 1 2 )  

H e r e ,  and in t he  fo l lowing ,  a p r i m e  d e n o t e s  the  d e r i v a t i v e  o f /  f o r  a f ixed  s .  I n t e g r a t i o n  o v e r  s has  
b e e n  p e r f o r m e d  in t he  con t inu i ty  e q u a t i o n s  (1 .9) ,  on accoun t  of which ,  I, Z, a s  we l l  a s  V, co, a r e  a r b i t r a r y  
f u n c t i o n s  of l~ 

In t he  s y s t e m  ( 1 . 7 ) - ( 1 . 1 2 ) ,  the  s m a l l n e s s  s ign  e i s  put  in t h o s e  p l a c e s  w h e r e  the  p a r a m e t e r  s, a p p e a r s  
as  a r e s u l t  of the  t r a n s i t i o n  to  d i m e n s i o n l e s s  q u a n t i t i e s .  

.~la,.  l / L , ,  kL, ,  R I L , ,  e , = _ _ a , / L ,  ( 1 . 1 3 )  

Thus ,  we a r r i v e  at  the  c a s e  of a t u b u l a r  b e a m  wi th  a l a r g e  i n n e r  r a d i u s  R,  which  m o v e s  in  a m a g -  
n e t i c  f i e ld  wi th  a l a r g e - s c a l e  n o n u n i f o r m i t y  L .  

1 . 2  ~ At the  b o u n d a r i e s  of the  b e a m ,  the  c o n d i t i o n s  u n d e r  wh ich  the  o s c i l l a t i o n  r a t e  Cos, w l ,  which  
d i s t i n g u i s h e s  the  s u b f l u x e s ,  v a n i s h e s  can  be  w r i t t e n  as  
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w ~ 0 ,  w + = w . ,  (I) = q ) . = O  

and the d i scon t inu i ty  condi t ions  for  the to ta l  c u r r e n t  of the b e a m  as 

(1.14) 

(1.15) 

Here ,  and in the fol lowing,  +, - denote  va lues  at the ou te r  and inner  boundary ,  r e s p e c t i v e l y ;  an 
a s t e r i s k  denotes  the cons tan t s  of the  p rob lem~ Funct ion  Z def ines  the s o u r c e s  at the inne r  bounda ry  of 
the b e a m ;  th is  boundary ,  a c c o r d i n g  to our  a s sumpt ions ,  co inc ides  within the r eg ion  0 < / < / .  with the  cathode 
s u r f a c e  (K)o As can be  r e a d i l y  seen  f rom (1~ Z is  equal  to (ve/)K: , where  j i s  the n o r m a l  component  
of the  e m i s s i o n - c u r r e n t  dens i ty .  

Within the  f r a m e w o r k  of a two- f lux  app rox ima t ion ,  the  cathode m a y  be taken  as  a n a r r o w  s t r i p  of 
w i d t h / ,  which c o r r e s p o n d s  to the  t r a n s i t  t i m e  of the o u t e r m o s t  e l e c t r o n  f rom the lef t  in the scheme  shown 
in Fig ,  1, a. Here ,  the  s i n g l e - p a t h  r eg ion  of the f lux 1) (where 6 =  p )  on the t r a j e c t o r y  of the o u t e r m o s t  
e l e c t r o n  mus t  be jo ined  with the two-pa th  r eg ion  of the f lux 2) in the f r ee  b e a m  (where Z =0). The f o r m a -  
t ion condi t ions ,  however ,  m a y  be s e l e c t e d  such that  y~< ~,, in the r eg ion  1) ; then, within an a c c u r a c y  to 
e ~, the  n a r r o w  r e g i o n  1) m a y  be neg lec ted ,  and the second  condi t ion in (1o 15) m a y  be taken into c o n s i d e r a -  
t ion.  If the  ca thode  is  s e l e c t e d  wide r ,  we get  a mul t i f lux  b e a m  (scheme 5 in F ig .  1). F o r  V ~< ~, l < ~, 
however ,  a z e r o  ve loc i t y  at  the cathode for  both f luxes  i s  fu l f i l led  within an a c c u r a c y  to e ~, and with the 
s a m e  a c c u r a c y ,  the r e a l  mul t i f lux  b e a m  can be r e p l a c e d  by a two- f lux  b e a m  with the condi t ion (1.15) in the 
0 <l < l ,  r eg ion  of the  ca thode .  

1 .3  ~ The so lu t ion  of the s y s t e m  (1 .7) - (1 .12)  m a y  be sought in the f o r m  of a power  s e r i e s  in e with the  
a id  of s u c c e s s i v e  a p p r o x i m a t i o n s .  Then ( c o r r e c t  to a~), f r o m  (1.11) for  the az imutha l  ve loc i ty  A we e a s i l y  
get  

A ~ ~s  ~- F -~ eBtts~ -~ e ~ (CHs~ "~ DHS~), 2 B t t  =--- (k - -  kz) 0 
(1.16) 

r (Rr')" [ ~] (R~')' 
2 D ~  = Tt~ R ' 6OH ~- 2 (k ~ - -  k k z  + kz~) + ~ ~2 - -  t~ 

~=~q), r=r (0 ,  ~ + ~ k z r = ( ~ / ~ ) ~ r t  ~ (1.17) 

where  H/~ i s  the t angent ia l  component  of the magne t i c  f ie ld  in tens i ty  at the axis  (s=0).  However ,  the second 
a p p r o x i m a t i o n  fo r  the  e n t i r e  p r o b l e m  is  too c u m b e r s o m e .  In o r d e r  to s imp l i fy  the ca lcu la t ion ,  the  " s m a l l -  
n e s s "  unde r  # should  be p l a c e d  in f ront  of e v e r y  p a r a m e t e r  in  (1,7)-(1.12), and (1.16): p(w) fo r  w, p(V) fo r  
V, and so forth;  fo r  example  f r o m  (1.7), (1.9) and (1,15), it  fo l lows that  

( ~ ) = ~ ,  ~ ( 2 ) = ~ ,  ~ ( 6 ) = ~  (1.18) 

By a s s u m i n g  a c o n c r e t e  p, i t  is  p o s s i b l e  to ident i fy  s i m p l e  c a s e s  of the mode of p ropaga t i on  of the 
b e a m ;  thus  p(p)=~ if  4u~?p is  of the o r d e r  of e. ~ 2  

2. F i r s t A p p r o x i m a t i o n ~  Within an a c c u r a c y  to ~2, us ing  (1.16) and (1.18), Eqs~ (1.7)-(1.12) r educe  
to the two equat ions  

ws2 ~ 2~1~ - -  V~ - -  2 (~s  -b  F) 2 -"  2eksV ~ - -  e (k - -  kz) (Os q-  ~) 9..s~ (2.1) 

where  E(I)  is  the n o r m a l  component  of the f i e ld  in t ens i ty  at the ax i s .  
Eqs .  (2.1) and (2.2) t ake  the fo rm 

g---- E (Z) (2.2) 

Wr i t t en  in the v a r i a b l e s  v=~-(s,/),  l ,  

s ~" + ,~ = ~ (acp / 0, 9 ~ ' ~  - -  r / ~ - -  ekV2~ -~ - -  8 (k - -  k A  ( r  / ~ + %,9  s 

~ ] ( O T / O , ~ , ) ~ ( c t ~ O 2 + T i E ) [ l + e ( k - - k z ) s ] ,  a ~ 4 n ~ l I Q - 8  (2.3) 

(2.4) 
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2.0 

L6 

~g 

o.o g.~ o.8 Z2 

Fig. 2 

2 . 1  ~ 

As  a r e s u l t ,  we h a v e  one  e q u a t i o n  f o r  s (% l )  

(2.5) 

T h e  s o l u t i o n  of (2 .5)  c a n  b e  w r i t t e n  w i t h i n  a n  a c c u r a c y  of 

e z a s  f o l l o w s  

+ a2 ( i  - c ,  - V~.~) - ' / . , ~  (~.% - ~ c , )  + '/,.=~ (~2% + ~c~ - 2v 

-t- s~) - 22~ ~ ( t  - % - ~l~.'~s.:) - [ -  ~ ,  ( ' v% - s.:c.:), ~ = $ (l), ~ = ~ (l) ( 2 . 6 )  

w,  / ~ - -  ,< = = + $c~ + ~s~ + s (k - -  ~ )  [(~= - -  $~) (,~r - -  s~!C, ) - -  ='~ (~ - -  s,) 

- -  V . .~  ( ~  - ~c~ -F ~'%) + V2=~ (~s, + ~ c ,  § 2c~ - 2) - ~ (s, - x%) 

s= _~ s i n  %, c ,  -~-- COS ~, s o = sin 0,  c o ~ COS 0 

L e t  t h e  a x i s  b e  l o c a t e d  s y m m e t r i c a l l y  w i t h  r e s p e c t  to  T 

(2 .7 )  

(2 .8 )  

z + = - - ~ _ = O ( l ) ,  v ( s = 0 ) = 0 ,  s + = s ( ~ O , l )  

By p l a c i n g  t h e  l a s t  c o n d i t i o n s  in  (1 .14)  on  (2 .7 ) ,  we ge t  

(2.9) 

a -I- ~c  o = - -  s ( k  - -  k z )  ~ [I/2a (0% ~ 0% 0 ~ 2% - -  2) ~-  ~ (c o - -  i + 2% 2 - -  0,%)] 

~s.~ = - -  s (k - -  k )  [(~2 - -  p )  (% - -  sacs) - -  ~ (0 - -  s 0) - -  V 2 ~  ('~o - 0% § O~so) - ~ ( s o - o % ) ]  

F r o m  ( 2 . 1 0 )  i t  f o l l o w s  t h a t  # ( X )  = s ,  p r o v i d e d  # ( s 0 )  = 1 .  I n  t h i s  e a s e ,  

w i t h i n  a n  a c c u r a c y  of e z, y i e l d  
s+ =J~Tao~e(k--kz) ha, ao=--~(se--Oco) 

Aa _= ~- [co~ - %%+ %0co~(i --  c 0) so-1 

- ' h 0  2 (c o + 1) % + V~ + %Osoco] 

~, = I ~  ~ ( % 0 % %  -~ - -  co ~ - -  % %  - -  V. .O~% - F  i )  

~2 [0 (I § 2co2 ) - 3%'%] = w, / s aRVOi= ~IY+~ -~ 

F i g u r e  2 g i v e s  p l o t s  of d i m e n s i o n l e s s  r e l a t i o n s  w h i c h  d e p e n d  on ly  on  0 

(2 .10)  

c o n d i t i o n s  (1 .14 ) ,  (1 .15)  and  (2 .9 ) ,  

(2.11) 

ao A a ' V h 2 2 w ,  
h ' h ' h a ' V a '  ~ ~Q 

Va -- nY+ (2.12) 

The last quantity is proportional to the electron spinning energy ~• The quantity 2 n~• (~h) -~ 
decreases from 1 to 0~ with an increase of the space charge (0 -~v). The dependence of the beam param- 
eters on an increasing magnetic-mirror field is clearly seen from (2.12), where D, correct to ~, is the 

cyclotron frequency (1.17)o 

2.2 ~ The case ~ (so)~< e can be somewhat simplified by placing the axis on the inner boundary 

of the beam 

" ~ _ ~  s_ ~ 0 .  [ 3 ~ - - c r  
(2 .13)  
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In a c c o r d a n c e  wi th  (2 .6) ,  (2.7) and (2 .13) ,  the  cond i t i ons  (1.14) and (1.15) y i e ld  

~+ = (~ (~ -- ~) + ~ (~ -- c~) + ~/~ (k -- ~)  [a~ ( ~  -- ~ + <%~ 

-- "~c=) + =t~ (s~ -- "vc. + ~'~s. + 2so. -- 2"~) + ~,~ (2% -- 2 -- s.~+ 2"~s~)])+ 

+ ~, (3~.% + ~c~ -- 4s. ~) + ~ (2~c. -- 2%%) ]}+ 

w+ = ~ ( ~  (a/o., - -  2% + V'.% %) + aX (i -- %)~ + V~X ~ (* - s %) + ~ (k - k)  [a~ (3~% 

- -  "~c.: + 2c.: - -  2 - -  Vo. v~s $ + V~,% ~ + % c  ~ - -  % - -  V':~9 + ~ .  ('~'% - -  *~s , % + ~c.: - -  % 

+ % % - -  2"~ + 2s.: s + "~c.:~) + ~:r (2~% -- 2vs~:c.: + V2~'~%~ -- 4 + 6c~ -- 2% s) 

(2.14) 

(2.15) 

]+ = % (~  / ~) ~V iv + 28k [a (V.., 2 - % + l) + X (* - s$])+ 

F o r  s m a l l  x, f r o m  (2.14)-(2.16),  i t  i s  e a s y  to  ob ta in  

It shou ld  be  no t ed  tha t  at t he  s i n g u l a r  poin t  at the  b o u n d a r y  

(2.16) 

(2.17) 

oa) / os = a9 = 0 (s'" = s' = 0) (2.18) 

t h e r e  m a y  o c c u r  a b r a n c h i n g  of the  b e a m  b o u n d a r y  and, t h e r e f o r e ,  of the  b e a m  i t s e l f .  If (2.18)  i s  fu l f i l l ed  
o v e r  a f i n i t e  s e g m e n t ,  f o r  e x a m p l e  at  t he  l o w e r  b o u n d a r y ,  t h e n  a t w o - s t r e a m  m o d e  i s  p o s s i b l e ,  w h e r e  the  
s o l u t i o n  ( 2 . 1 4 ) - ( 2 . 1 6 )  f o r  ~< 0 d e s c r i b e s  t he  s e c o n d  b e a m  when  i t  a d j o i n s  t he  f i r s t  b e a m  f r o m  b e l o w  a long  
the  b o u n d a r y  s = 0 .  In th i s  r e g i o n  we have  X=0, wh i l e  a c u r r e n t  a c r o s s  t he  b o u n d a r y  i s  p o s s i b l e  ( ~  0)~ 

3~ Sma l l  Space  C h a r g e ,  Second  A p p r o x i m a t i o n .  Se t t ing  p(I)=e, in c o r r e s p o n d e n c e  wi th  (1.9) and 
(1 .8) ,  we  h a v e  

(v~) = e ,  ~ ( x )  = ~ (6)  = e 2, ~ (p )  = ~ (a)  = 

F r o m  (1o9), (1 .11) ,  wi th  the  a id  of  (2~ and (2~ it  i s  e a s y  to ge t  

(3. i) 

0r l [t - -  8 ( k - -  kz) s - -  8*kkzs~] ~l ~ = ~lE + ea.rfl2 - -  82 (~1/ B) (tt~2')" ds 
(3.2) 

3 . 1  ~ The  z e r o  a p p r o x i m a t i o n  which  d e r i v e s  in the  c a s e  of  (3.1) f r o m  (1~ 7 ) - (1 .12 ) ,  (io16), (2.4) ,  
and (2.9) ,  (1.14)  has  t h e  f o r m  

s=~s, ,  % - = ~ % ,  w = l h ~ ( , + s c . ) ,  O=l/~.n, ~=~(z) (.3.3) 

U s i n g  (3 .3) ,  (1 .7)-(1o 12), ( 1 . i 6 )  and (2 .4) ,  t o g e t h e r  wi th  t he  c o n d i t i o n s  (lo 14) and (1.15) ,  i t  i s  not  
d i f f i cu l t  to c a l c u l a t e  t he  f o l l o w i n g  v a l u e s ;  

~ : ' = - - k ~ s ~ / w s ,  w l = - - w k ~ s  , Vs=Vk~s .  k ~ ' / ~  

v l = V + ~2 % (Vk~)' s~ (3.4) 

(B~')' = (Ru') '  + (s / ~) [(P.r)'R]', 2~lu ~ r~ + v 2 + ~ 2  (3.5) 
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J = 2 ~ u  (v / ~) (~ - ,_), O = ~ (v / a) (r - 1A T~) (~+ -- ~_) 

_ 1/~ I R k a  (s  ~ - -  s 2 ) ,  T ---- (, - -  ~_) / (~+ - -  ~_) 

Tlv~pw s ~ I R  - -  ~ [(BZV / g2)" (T  - -  1/~T~) (~: + - -  "v_) - -  ~/~ (Tllk~)' s 2 4" x/o. (RIk~s  ~)'], 

8w s = ~ (t - -  T) (3 ~ 

w~ ~ ~ 2~1~ -- (~s 4" r)9 ~ V ~ - -  ~2s [kV~ 4 .  (fls + r) B H s  ] - -  ~ {[V 2 (k~ ~ 4" 3k~) 

4" V (Vk$)'] s ~ -~- 2 (g2s 4" F) (CHsa 4" DHs~) 4" BH~Sa 4" wt~} (3.7) 

D i f f e r e n t i a t i o n  of  (3.7) wi th  r e s p e c t  to  s l e a d s  wi th  a l l o w a n c e  f o r  (2.4) ,  (3 .2) ,  (3.5) and (1.16) to an  
e q u a t i o n  f o r  t he  func t i on  s(T, l )  

gd~Aw =_- ('q / TI) (RU')" - -  (k - -  kz)Z ~t2~ 4" V ~ ( k ~  .-~ 2k  ~ 4" kk  z 4" k~') 

~ 2 ~ B w = 2 ~ 2 F R - ~ - - ~ F " - - F 2 F ' k R  4 . ~ ' F "  , k R ~_TI ' / I~  

Cw ~ 1/~ (ttk~ _ t 4 k k  z 4" llkzg) - -  ~/a R-~ - -  2k$ 2 - - %  [ f i " /~  4" (fi' ] ~) kR] ( 3 . 8 )  

3 . 2  ~ The  so lu t i on  of  (3 .8) ,  c o r r e c t  to  e ~, has  t h e  f o r m  

se t  

s = ~s~ 4" ~ {~ (~ - -  s O  4" (k  - -  kz) [(~ - -  ~ )  (1 - -  c 0 4" V2~9% ~] ( 3 . 9 )  

A n a l y s i s  of  t he  f i r s t  a p p r o x i m a t i o n  of  (3.9) f o r  the  c o n d i t i o n s  (1 .14)  s h o w s  tha t  i t  i s  p e r m i s s i b l e  to  

0 --= V~n + ~*, ~ (x) = l ,  ( f  - ~*) (~ - a~) = ~ ,  ~ (~) = i 

Solv ing  (3.8) wi th  a l l o w a n c e  f o r  (3.9) and (3.10) ,  one ob ta ins  wi thout  d i f f i cu l t y  

(3.10) 

_ ~/~ ~ + 1/~ ~c~ )  4 ,  ~ (1 - -  c 0 - -  V~ A ~  (% - -  ~%) - -  % B ~  (1 - -  c~ - -  1/~ ,%9 

- -  "/, D ~  ( ~  - -  3/.. ~c~ 4 .  ~/~ % c ~ ) ]  

s' = ~% 4, ~ [~ (1 - -  c 0 4" (~ - -  k~) ~9% c~] 4" ~ [~ (k-- k~) (~/~ s~ - -  2,% c~ 
4" 1/2 ~c ~ - -  ~/z "r 4" ~s ~ - -  i/~ Aw.r % - -  ~/a B v ~  (s ~ - -  s c 0 - -  sis Dw~ ~ s ~ ('r - -  % c 0 

(3.1~) 

(3.12) 

The  c o n d i t i o n s  (1 .14) ,  (2 .9) ,  and ( 3 . 1 0 ) - ( 3 . 1 4 )  m a k e  i t  p o s s i b l e  to  ob ta in  

4" 112 e (k - -  kz) ~ 4" 8 ~  [(~/s a ~ - -  1/4 n 4" % )  ~ (k - -  kz) 4" ~h Bw3] (3.13) 

(3.14) 

(3.15) 

F u r t h e r ,  f r o m  (1.8) ,  (3 .10) ,  (3.11) and (3.14) i t  i s  p o s s i b l e  to  c a l c u l a t e  t he  i n v a r i a n t  w+, and f r o m  

(1.10),  (3 .4) ,  (3 .6) ,  (3.11)  and (3.15) t he  c u r r e n t  J+  

w. / ~ = V~ ~ § 8 (4-- a) ~ 4" 8~ [(8/~ ~ __ 4) ~2 4- V~ ~ 4  (k - -  kz) 2 

__ 1/~ ~ :  ( A ~  + ~A D ~ 9 ]  (3.16)  

J+ = 2 n 2 R l  (V / g~) (t 4- ~ (2 / a) x + 82~ "- [2k e -- 1/3 kkz  - -  k~ ~ "4-1/4 k~ (V' /V - -  I" / I 

--  2~' / 2~)1} 4" e2~ [1/9 ZRk~9 --  2/8 n~ (V / ~) (~RV / ~)'1 (3.17) 

The  f o r m u l a s  ob t a ined  a r e  s u i t a b l e  f o r  c a l c u l a t i n g  a l l  t he  p a r a m e t e r s  of  the  b e a m  with an a c c u r a c y  
to  e 2, p r o v i d e d  the  p o s i t i o n  of the  a x i s  i s  known.  
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F r o m  (3.8), (3o10), (3.2), (3.5) and (1.16), one obtains the re la t ion  

~1 (T~Z' -- ~F~B') = e~2~'F~= 0 -- ekz~2~ ~ + e ~  2 

2"qW ~ 2~l(p - -  A s, " ~F n ~ (c~F/Or)s= o, T" z =_ (OT" / 0Z)s=0 , .Q ~-- (OA / 0s)s=0 (3018) 

which cons t i tu tes  the equation for the axial sur face .  In the zero approximat ion,  the axis  obviously runs  
along the l ines  of force of potent ial  ~', without al lowance for the space charge .  In the following approxi -  
mat ions ,  one mus t  take into account the space charge field in ,I? and the t e r m s  in the r ight  side of (3.18), 
as defined by (3 .14)-(3 .17) .  To prevent  the beam f rom being ref lec ted  f rom the m i r r o r ,  and to prevent  
i ts  b ranch ing ,  it is n e c e s s a r y  to e l imina te  both the regions  where 2qqr (a, Z) < ~2~, and the s ingu la r  points 

of the "~' f ield at the axis,  in which ~n = ~Fz = o. 

3.3~176 In the absence  of a space charge,  the field can be r e p r e se n t e d  in a fo rm analogous to (1.16) 

(p ~ U -~ Es  .3~ 8BHS227 83 (CESS -~ DEsk.), U = U (l), 

2BE  ~ (k - -  kz) E .  2D E =_ - -  (BU')" / B 

6C~  - -  2 (k 2 - -  k k  z + kz~ ) E - -  ( R E ' ) " / R  

E = z (0 

(3.19) 

Changing to the va r i ab le  r in accordance  with (2.4) is u n n e c e s s a r y .  Equations (3.3), (3.4), (3.6) and 
(3~ 7) r e m a i n  valid,  provided fl and ~ a re  t r ea ted  as p a r a m e t e r s ,  and the following subs t i tu t ions  are  i n t r o -  
duced in all  the approx imat ions  

s - ~ %  s + = = ~ ,  ~+=___~/~, ~=~(~) 
(3.20) 

F r o m  (3~ 7), (3.4), (3.19), (1.14) and (3.20) it follows that: 

w s = ~2 (~-- s~) '~' {4 + 1 h e (k - -  kz) s + 1/~ S~ (Aa,  + Beps + Ca,s2)} (3.21) 

Aa,Q:  = V 2 (k~ 2 + 2k ~ + k k  z + k~') + VV'k~ + (2~C H - -  B H2 ) ~ -~- 2F D H 

- -  2~IDE, B a , ~  2 ~ 2QD H + 2FC n -- 211CE, CO ~ 2C n / ~ -- k~ ~ 
V 2 ~ 2~IU -- F~ -- .Q'~" -- s ~ A ~  (3.22) 

~lg - -  ~ F  = sk (2~IU - -  F 2) - -  s~l~ (k + kz) ~ -4-1/~ e2Bw~22~2 ( 3 . 2 3 )  

where,  by analogy to (3.18), Eq. (3.23) is  here  the equation for the axis that pas ses  through the cen te r  of 

the beam~ The beam half-width fi is de t e rmined  by the inva r i an t  ,.o. 

~ ---- h~ {I - -  % e 2 (Aa, + 1/4 Ca,h2)}, h 2 =_ (2 / ~)  (w,  / ~) 

The c u r r e n t  of the f ree  beam (Z =0) is  de t e rmined  f rom (3.6), (3.20) and (3.21) as follows 

(3024) 

J+ = 2~2~ ( V / ~ )  { l  - -  I/2 e~Ar  + e2~ 2 [k 2 + 1/2 kk  z - -  k~ ~ + 1/s (k ~- kzi  2 - -  1/4 Ca, 

+ ~14 k~ (V' l V - -  I" / I - -  ~ '  / R)]} (3.25) 

For  the mean  ra te  of charge t r a n s p o r t  (rat io of beam c u r r e n t  to charge pe r  unit  length) in the f i r s t  
approximat ion ,  f r o m  (1.16), (3.6), (3.21) and (3.23), one gets 

This r e su l t  c o r r e l a t e s  well with Eq. (25~ in [1] for  the veloci ty  of motion of the L a r m o r  cen te r ,  
under  the a s sumpt ion  #(E) = e employed in [1]o 

4. Large  Space Charge.  With the aid of solut ion (2.14), the following r eg ime  can be ident i f ied;  

(4.1) 
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s = a (~ - -  %) + ~r~E [(1 - -  %) + ~ 1/= (k - -  kz) ct (% - -  ~cz + r162 - -  2~ § 2sx Cz) ] 

,r = ~ (t - -  c,) + ~ [% + ~% (k - -  k~) ~ (3~.% + ~ - -  4%91 

T h i s  r e g i m e  l e n d s  i t s e l f  t o  c o m p u t a t i o n  w i t h  a n  a c c u r a c y  t o  a ~/2. A c c o r d i n g  t o  ( 4 . 1 )  a n d  ( 4 . 2 ) ,  

t i o n s  ( 1 . 1 4 )  d e f i n e  t w o  r o o t s  o f  ~-+ 

p -'- - -  • - -  ]/"~';2n 2 (k - -  kz) a + su [2/2 • § n (k - -  kz) a] 

q2 = • + 6n (k --- kz) a - -  e In 2 (30 + 4~  ~) (k - -  kz)2 an + % • 
+6~• o~]--*(2/ct)s~'(2a), ~ . - ~ g / a  

T h e  i n v a r i a n t  w .  i s  d e t e r m i n e d  f r o m  ( 2 . 1 5 )  w i t h  a l l o w a n c e  f o r  ( 4 . 1 ) ,  a s  f o l l o w s  

w,  = :n~ [3u 2 .-[- ek  ~ - -  a6~ (k - -  kz) a ~] + ~2w2 (2n) 

T h e  b e a m  c u r r e n t  i s  c a l c u l a t e d  f r o m  ( 1 . 1 0 ) ,  ( 3 . 4 ) ,  ( 3 . 6 )  a n d  ( 4 . 2 ) ~  

J§ = 2n21/~ (v / ~) {2 + ( ]/~ / n) (p -4- q) (i + e4nka) + ~Ak (aa -}- s % ~) 
+ ~2 (% ~2 + 5) ~2 [2~2 + ~ + k~" + % ~ (V" I V + r I t +  -n'/-n)l 

_ a22~ [% =2 (v  / n) ( ~ x v  / ~)'  + (% # + %) n ~ k ~ = 2 l  

T h e  c o r r e c t i o n s  s2, s2 " ,  co 2 i n  ( 4 . 2 ) - ( 4 . 4 )  a r e  d e f i n e d  b y  t h e  s e c o n d  a p p r o x i m a t i o n ,  w h i c h  w i l l  b e  

o b t a i n e d  b e l o w .  

4 . 1  ~ W i t h i n  t h e  f r a m e w o r k  o f  t h e  z e r o  a p p r o x i m a t i o n ,  o n e  m a y  u s e  ( 3 . 4 ) ,  ( 3 . 6 )  a n d  ( 3 . 7 ) ,  i f  i n  

a c c o r d a n c e  w i t h  (4.1) a n d  (4 .2 ) ,  2~r i s  s u b s t i t u t e d  f o r  r + ,  a n d  k a  = ~ ' / ~  f o r  k/3. T h e  f i e l d  i s  d e t e r m i n e d  

f r o m  ( 1 . 1 1 )  w i t h  t h e  a i d  o f  ( 2 . 4 ) ,  ( 4 . 2 ) ,  ( 3 . 4 ) ,  ( 3 . 6 )  a n d  ( 3 . 7 )  

~1 (~r / Os) = ( a . ~ 2  + ~IE) [ l  + e ( k -  kz) s + e n (k~ - -  kk~ + k~2) 22] 
+ ~2a~2 {% a n (Rlka)" (RI) -1 Q/a ~8 § 2~c. - -  2% + 1/2 ~ - -  ~/o~ s~ ez) 

- -  a/2 (RY, V / 9t)" (RI) -a [,r __ ,~s (6n)-.t]} __ e~ (,fl / R) t (R~')' ds 

t (R~')" ds = % (R~ff)" ,~2 + % [(~r)" R]" 82+ 1/2 [(v~+ g2)' R]" 8- 

+ % 9 ~  [(B~')" (%~ + ? / ~ %  --32~ --~c~ - - % ~ 2 2 +  % s ~ 9  
- -  R~'k~  (s ,  - -  ~c:  + ~,~: - -  %'~,%~ - -  % ~: + % ,% % + % %2)1 

D i f f e r e n t i a t i o n  o f  ( 3 . 7 )  w i t h  r e s p e c t  t o  s w i t h  a l l o w a n c e  f o r  ( 2 . 4 ) ,  ( 4 . 1 )  a n d  ( 4 . 5 ) ,  l e a d s  t o  t h e  e q u a t i o n  

~2" + ~'- = % (k - k~) ~2 (4c~ - -  3cJ - -  t) + B~a 2 (2~ ,~ -  ~ )  

- -  ~ [Bpcr + 2/~ a2A~] + a3 0/2 (k - -  kzp  (2~ac~ - -  3"~s,:c x) 

- -  v [2ka 2 + ~/s A n + 1/s An - -  1/4 AI + Aper + .~s [(k - -  kz) 2. 

§ AX (12~t)-I § 1/s A I - -  Cp] + % [2a: 2 + % AR + 2/2 An - -  A~ + A~a -2] 

+ ~c~ [2k~ ~ + ~/2 An - -  1/2 A n + hi]  - -  s~ % [2k~ ~ + ~/s A n - -  ~/s An + ~/~ A/] 
+ ~s~ 2 [3k~ § ~/~ A~ - -  ~]~ A O - -  3C~ - -  1/2 (3k 2 - -  2kk z § 3kz~)] -{- ~2s~ [1/2 A e 
+ 3C~ - -  k2  __ ~/~, (3k + 3kz 2 - -  8kkz)] + %2 [__ 2ka~ __ ~/~ AR § 2Is A9~ + C~ 

+ V2 (sa~ - -  Ska~ + 5~2)1} 
Azn =_ (REV / i~)" (RIa2) -~, A n ~ (R~')" (B~)-l, A n ~_ (~2" / ~) k~ 

A i - - ( R l k a ) ' ( R I ) - I  , k ~ a ' / a ,  k z = Z ' / R ,  k R = - - R ' / t ~  

A~2 = V 2 (2k~ + kk z § ka2 + k~') -4- VV" (k~ § kn) + (W')'  + 1'2/~-2 § (p,)2! 
B~O =-- 2FR -2 § (~" / ~) F - -  F" + Y'k R 

6Co ~ 5k 2 - -  8kkz -t- 5k22 + 4R-~ + 2 [(~" / ~)2 _ (~' / O.) k R § ~" ] ~] 

4 . 2  ~ . T h e  s o l u t i o n  o f  E q .  ( 4 . 6 )  c a n  b e  c o n v e n i e n t l y  w r i t t e n  i n  t h e  f o r m  

22 = 1/2 (k - -  kz) ~2 (2T% + 2c~ - -  2 - -  s~ 2) + B~a 2 (at2 T% - -  1t,, T2cr - -  2/2 + 2/2 c, + II~ %2) 

__ (,~2 __ 2c~ + 2) aF ['~] + c~ {(~2 + 62,  - -  6"0 F ['r 21 - -  (~ - -  %) F [T] 

-~ 1/2 (% - -  ~c:) F [,%1 + �88 (~22 + ~c~ - -  s 0 F [~c~] - -  % (s~ - -  % %) F [% %1 
+ �88 (2~ - -  % ,% - -  ~sJ  - -  % s ,  c~) F [~sJ] + 1/~ (~2~, __ s~. + ~% - -  2/, ~'c,) Y [T2s~] 

-~. 1/4 ( 8  8 - -  3/2 TC~ ~- a/2 8 z Cr 2) F [%~] + 1A (k - -  k2)2 [1 h (3 - -  3"~ 2 ~- ~4) s~ 

+ I h (2~ s - -  3~) % + ~/s (~ - -  2~s~ ~" - -  s,  c,) + T~% % + 1% (s~ - -  s,  %)1} 

( 4 . 2 )  

c o n d i -  

( 4 . 3 )  

( 4 . 4 )  

( 4 . 5 )  

(4.6) 

( 4 . 7 )  
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H e r e ,  F If] d e n o t e s  the  c o e f f i c i e n t s  in s q u a r e  b r a c k e t s  in Eq.  (4.6) ,  wh ich  a r e  s i t u a t e d  beh ind  the  
f u n c t i o n s  f .  So lu t ion  (4~ 7) p e r m i t s  d e t e r m i n a t i o n  of the  c o r r e c t i o n s  in (40 3), (4~ 4) 

s'2 (2~) ---- n {2" (k -- ,~) ~2 _ a2B~ _ 4~Y [x21} -t- n2~2 {F ['~c.~] § 12F [~3] 
-- iv ['r2s.l § (k --  kA ~ (4z~2 + "h)} 

w2 (2n) / ~2 = -- 2n2~ 2 {B~ -~ 4F [~]} @ n~ 4 {2/2 F [s~ c~] -- 6F [~] ~- 4 (4zr 2 -- t5) F [~2] 
- -  2/2 ~ [s~l - -  (2/2 u - -  ~) F [~%1 + ~2/~ F [~s21 - - , ~ / ~  F [ ~ 1  - -  (% a2-- V~) F [~%1 

+ V~ [~2 u2 _ ~%s] (a --  a~)2} 

F r o m  (4.1) ,  (4.2) and (4~ 7) an e x p r e s s i o n  f o r  the  u p p e r  b o u n d a r y  fo l lows  

s+ = 2 z ~  - -  ~ 4 ~  2 (k - -  kz)  ~2 § e'l~ [1/2 ax3 _ 3 n  (k - -  kz) a (~ § c~x) §  2] 
~2z~2~ {(k - -  kz)  x (2)~ ~ ax)  - -  2~,B~ - -  4 F  [-~2]} ~ ~2cr {(8n2 __ 12) F [~2] __ 2F [~] 

- -  F [,%] § '/2 F [~c~] § % F [ ~ J ]  - -  (% ~2 _ V2) F [~%] - -  ~/4 F [,~J] 

+ (k --  k~)2 (2~ + V~2)] 

If t he  ax i s  i s  s e l e c t e d  f r o m  (2 .9) ,  t he  e x a m p l e  we have  e x a m i n e d  wil l  be  r e l a t i v e l y  s i m p l e r  and the  
o b t a i n a b l e  a c c u r a c y  wi l l  be  h i g h e r .  H o w e v e r ,  t he  s e l e c t i o n  of the  ax i s  as  p e r f o r m e d  in the  p r e s e n t  a n a l y s i s  
l e a d s  to s i m p l e  e x p r e s s i o n s  f o r  t he  p o t e n t i a l  ~p and the  m a g n e t i c  f i e ld  i n t e n s i t y  E at t he  l o w e r  b o u n d a r y :  

E = E, 2'I(P_ = r~ -k V ~ 

The  a u t h o r  i s  i n d e b t e d  to Ao V. Gaponov  f o r  s u g g e s t i n g  the  p r o b l e m  and to A. N. I e v l e v a  f o r  h e r  
he lp .  
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